Fluctuation dissipation theorem and electrical noise revisited by Reggiani, Lino & Alfinito, Eleonora
ar
X
iv
:1
80
5.
07
93
3v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
1 M
ay
 20
18
Fluctuation dissipation theorem and electrical noise revisited.
Lino Reggiani∗
Dipartimento di Matematica e Fisica, “Ennio de Giorgi”,
Universita` del Salento, via Monteroni, I-73100 Lecce, Italy.
Eleonora Alfinito
Dipartimento di Ingegneria dell’ Innovazione, Universita` del Salento, via Monteroni, I-73100 Lecce, Italy and
Istituto Nazionale di Fisisca Nucleare (INFN), Sezione di Lecce, Italy.
(Dated: May 22, 2018)
The fluctuation dissipation theorem (FDT) is the basis for a microscopic description of the inter-
action between electromagnetic radiation and matter. By assuming the electromagnetic radiation in
thermal equilibrium and the interaction in the linear response regime, the theorem interrelates the
spontaneous fluctuations of microscopic variables with the kinetic coefficients that are responsible
for energy dissipation. In the quantum form provided by Callen and Welton in their pioneer paper
of 1951 for the case of conductors (H.B. Callen and T.A. Welton, Phys. Rev. 83 (1951) 34-40),
electrical noise detected at the terminals of a conductor, is given in terms of the spectral density of
voltage fluctuations, SV (ω), was related to the real part of its impedance, Re[Z(ω)], by the simple
relation:
SV (ω) = 2h¯ωcoth
(
h¯ω
2KBT
)
Re [Z(ω)]
where KB is the Boltzmann constant, T is the absolute temperature, h¯ is the reduced Planck
constant and ω is the angular frequency. The drawbacks of this relation concern with: (i) the
appearance of a zero point contribution which implies a divergence of the spectrum at increasing
frequencies; (ii) the lack of detailing the appropriate equivalent-circuit of the impedance, (iii) the
neglect of the Casimir effect associated with the quantum interaction between zero-point energy
and boundaries of the considered physical system; (iv) the lack of identification of the microscopic
noise sources beyond the temperature model. These drawbacks do not allow to validate the relation
with experiments. By revisiting the FDT within a brief historical survey since the genesis of its
formulation, that we fix with the announcement of Stefan-Boltzmann law (1879-1884), we shed
new light on the existing drawbacks by providing further properties of the theorem with particular
attention to problems related with the electrical noise of a two-terminals sample under equilibrium
conditions. Accordingly, among the others, we will discuss the duality and reciprocity properties
of the theorem, its applications to the ballistic transport regime, to the case of vacuum and to the
case of a photon gas.
I. INTRODUCTION
The fluctuation-dissipation theorem (FDT) is a pillar
of statistical physics by interrelating the interaction be-
tween electromagnetic fields and matter. In essence, it
asserts that linear response of a given system to an ex-
ternal perturbation is expressed in terms of fluctuation
properties of the system in thermal equilibrium. Even if
the FDT is generally associated with the announcement
of Nyquist relation in 1928 [1], its genesis can be traced
back to the Stefan-Boltzmann law of 1878-1884 that re-
lates the total power radiated by a black-body to the
fourth power of the absolute temperature. Since then, its
formulation received particular attention by many scien-
tists. Yet, to date several ambiguities and paradoxes re-
main which strongly hide the relevant power of this theo-
rem in interpreting a large variety of physical phenomena.
The aim of this paper is to revisit the FDT, and in par-
ticular its application to electrical noise, and shed new
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light on details and properties of the theorem that are
usually not considered in the standard literature and/or
are avoided because they inhibit to carry out a compari-
son between theory and experiments. While we attempt
to describe a wide range of phenomena, this selection is
by no means exhaustive, and highly biased by subjective
interests. Significant examples are the individualization
of the natural bandwidths of the fluctation spectra un-
der classical conditions described by Nyquist relations,
and the role of the zero-point contribution emerging un-
der quantum conditions. Together with several original
contributions, the review collects many results already
available in the literature, with the purpose to provide a
unifying picture for the benefit of a deeper understanding
of the interaction between light and matter at a micro-
scopic and macroscopic level. We believe that this pa-
per, by touching the most relevant aspects of the subject
within an historical survey, can also serve as a reference
for a broad audience of scholars and researchers inter-
ested to further advance on the topic.
As physical system of interest we consider a cavity
of length, L, and cross-sectional area, A, filled with a
homogeneous medium with the terminal surfaces acting
2as ideal metallic contacts, and embedded in a thermal
reservoir at a given temperature T . When the medium
is replaced by vacuum the standard black-body is recov-
ered. Here we mostly focus on: the instantaneous voltage
fluctuations measured between the open terminals of the
physical system and the real part of its impedance or the
instantaneous current fluctuations measured in the short
circuit connecting opposite terminals of the system and
the real part of its admittance. The theoretical formu-
lation of the FDT in the time domain implies an inter-
relation between the correlation function, describing fluc-
tuations of an observable (the noise), and the response
function, describing the associated linear-response coeffi-
cient (the signal). By Fourier transform, these functions
can be expressed in the frequency domain (spectra) thus
allowing for an easier comparison of theory with exper-
iments. Statistical mechanics under equilibrium condi-
tions and linear-response theory to an external perturba-
tion are the most rigorous way to provide a microscopic
formulation of the FDT. We want to stress, that among
the other, the above formulation of the FDT provides a
unified interpretation of the black-body radiation spec-
trum and of the thermal agitation of electric charge in
conductors.
From an historical point of view, the following steps
provide a time sequence of the most important achieve-
ments that can be traced back to the FDT [2–4].
1 - (1860), Kirchhoff [5], On the relation between the ra-
diating and absorbing powers of different bodies for light
and heat.
2 - (1879-1884), Stefan-Boltzmann law for the total emis-
sivity of a black-body at a given temperature.
3 - (1896-1905), Wien (1896), Rayleigh (1900), Planck
(1901), Jeans (1905) laws for the power spectrum of the
black-body radiation.
4 - (1905), Einstein [6] diffusion-mobility relation for a
classical gas.
5 - (1908), Langevin [7] stochastic approach and fluctua-
tion force.
6 - (1912), Planck [8] inclusion of zero-point energy of a
quantum oscillator.
7 - (1927), Johnson [9] thermal noise in conductors, ex-
periments.
8 - (1928), Nyquist [1] thermal noise in conductors, the-
ory.
9 - (1931), Onsager [10] reciprocity relations of kinetic
coefficients in irreversible processes.
10 - (1948), Casimir [11] attraction between opposite
metallic plates in vacuum.
11 - (1951), Callen-Welton [12] quantum fluctuation dis-
sipation theorem for conductors.
12 - (1957), Kubo [13] quantum formalism of correlation
and response functions.
Recent advances in the field comprise: FDT in the micro-
cannical, canonical and grand-canonical ensembles, reci-
procity and duality relations in the FDT, the role of
Casimir effect in the black-body radiation spectrum [14–
16].
According to the above historical survey, the first im-
portant manifestation of the FDT can be traced back
from Stefan-Boltzmann black-body radiation law an-
nounced in the period 1879-1884, and relating light ab-
sorption and thermal radiation of a macroscopic body.
The theoretical interpretation of the black-body radia-
tion spectrum involved the formulation of the Rayleigh-
Jean law of 1900 and then of the celebrated Planck law
of 1901.
A second manifestation of the FDT was Einstein rela-
tion between mobility and diffusivity of 1905, that is at
the basis of Brownian chaotic molecular-motion. The
theoretical interpretation of the Brownian motion led
Langevin to develop in 1908 a new theoretical approach
based on stochastic differential equations.
A third manifestation of the FDT was the discovery
by Johnson of the spontaneous electrical fluctuations be-
tween the terminals of a conductor at equilibrium in 1927
and the subsequent theoretical formulation by Nyquist in
1928.
A fourth manifestation of the FDT was the predic-
tion by Casimir in 1948 of the existence of an attrac-
tive force between two parallel metallic plates in vacuum,
which was associated with the unavoidable presence of
the zero-point fluctuations of the electromagnetic field.
This quantum agitation is due to the uncertainty prin-
ciple and represents the vacuum counterpart of thermal
agitation. Casimir prediction was later confirmed exper-
imentally with increasing accuracy and theoretically jus-
tifiable within the quantum expression of the FDT for-
mulated by Callen and Welton in 1951.
Theoretical modeling of FDT can be traced back to the
Rayleigh-Jeans law, followed by Wien and Planck laws
for the interpretation of black-body radiation spectrum.
Then, further developments include Einstein relation and
the Langevin formalism of stochastic differential equa-
tions, Nyquist relation for the interpretation of Johnson
electrical noise, Callen and Welton quantum generaliza-
tion of Nyquist relation, Kubo formalism and the use of
a generalized quantum Langevin equation [17].
The most rigorous theoretical derivation of the FDT
makes use of quantum statistical mechanics. To this
purpose, fundamental advances started from Callen and
Welton pioneer paper of 1951, where a first order pertur-
bation theory was used, and Kubo operatorial formalism
of 1957. In both cases use was made of a canonical ensem-
ble approach. Bonanca 2008 [14] derived the FDT for the
case of a microcanonical ensemble and Reggiani et al [15]
for the case of a grand canonical ensemble, generalizing
the results to the case of quantum fractional-statistics.
II. CRITICAL FORMULATION OF THE
FLUCTUATION DISSIPATION THEOREM
The essence of the problem addressed in this section
can be formulated by considering the thermal noise-
power per unit bandwidth, dP (f)/df = u(f, T ), with
3u(f, T ) the energy spectrum at frequency f and tempera-
ture T radiated into a single mode of the electromagnetic
field by a physical system coupled to a thermal reservoir.
As physical systems, here we consider the relevant cases
of: (i) a one-dimensional harmonic oscillator and the fluc-
tuations of the carrier displacement X(t), (ii) a conduc-
tor and the fluctuations of the voltage drop at the open
terminals V (t), (iii) a conductor and the fluctuations of
the current flowing in the short circuit I(t). We notice
that for an ideal black-body cavity the impedance coin-
cides with the vacuum resistance given by Rvac = µ0c,
with µ0 the vacuum permeability and c the light speed
in vacuum. Thus, the black-body can be considered as a
particular case of a resistor.
For all the cases of interest u(f, T ) is a universal func-
tion of frequency and temperature given by:
u(f, T ) = SX(f)
2πf
4Im{αx(f)} (1)
u(f, T ) = SV (f)
1
4Re{Z(f)} (2)
u(f, T ) = SI(f)
1
4Re{Y (f)} (3)
where S(f) is the (symmetrized) spectral-density of
the fluctuations of the corresponding observable X,V, I,
and αx(f) (the electrical susceptibility), Z(f) (the
impedance) and Y (f) = 1/Z(f) (the admittance) are the
response coefficients of the considered physical system.
The spectral density and the associated response co-
efficient are the Fourier-Laplace transform of the corre-
sponding (symmetrized) correlation-function and of the
response function in the time domain. Thus, by inter-
relating the fluctuations with the dissipative part of the
response, the above expressions for u(f, T ) represent the
mathematical formulation of the fluctuation dissipation
theorem. Both the correlation and the response func-
tions can be expressed within a classical or a quantum
formalism, as will be detailed in the following. Accord-
ing to the literature, the thermal noise-power per unit
bandwidth takes three possible universal forms as:
uRJ,N(f, T ) = KBT , (4)
uP (f, T ) = KBT
x
ex − 1 , (5)
uP,CW,K(f, T ) = KBT
x
2
coth(
x
2
) = uP (f, T ) +
hf
2
, (6)
where uRJ,N(f, T ) refers to Rayleigh-Jeans and Nyquist
[1] classical formulation, uP (f, T ) refers to Planck 1901
[18] quantum formulation and uP,CW,K(f, T ) refers to
Planck 1912 [8], Callen-Welton 1951 [12] and Kubo 1957
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FIG. 1. Different shapes of u(x, T ) with x = h¯ω/(KBT )
according to different models: black continuous curve refers
to Rayleigh-Jeans and Nyquist, red dashed curve refers to
Planck black-body, green dot-dashed curve refers to Planck,
Callen and Welton, Kubo with zero-point contribution in-
cluded, black dotted curve refers to zero-point only.
[13] quantum formulation including zero point contribu-
tion, with x = hf/KBT where h is the Planck constant,
and KB is the Boltzmann constant. We notice that
Rayleigh-Jeans and Planck considered the black-body as
the physical system of interest, while Nyquist, Callen
and Welton, and Kubo considered basically a two termi-
nal sample of given impedance (or admittance) without
specifying the equivalent circuit, that is, the associated
reactance. All the three forms satisfy the conditio:
u(f = 0, T ) = KBT (7)
a universal property valid for both classical and quantum
physical systems.
The total energy, U(T ), associated with a black-body
of volume V0 is defined as:
U(T ) =
∑
u(f, T ) = V0
8π
c3
∫
∞
0
f2u(f, T )df (8)
where the sum is extended over all the photon modes.
We stress that only the Planck form, uP (f, T ) leads
to a finite value of U(T ), in agreement with experi-
ments and Stefan-Boltzmann law. By contrast, both the
other two forms lead to a so-called ultra-violet catastro-
phe. We remark, that the split into two contributions
of uP,CW,K(f, T ), as given by the last expression in the
r.h.s. of Eq. (5), is of most physical importance. Indeed,
after integration over all frequency range each contribu-
tion leads to the macroscopic and exclusive value of the
total-energy associated with the spectrum.
The first term is the Planck-contribution and repre-
sents a property of the coupling between the thermal
reservoir and the physical system at thermal equilibrium.
It follows from the detailed energy-balance related with
4the microscopic process of energy exchange between the
thermal reservoir and the physical system. As such, it
is a universal function of the temperature which takes a
finite value at any frequency. Accordingly, it vanishes at
T = 0, it is independent of the external shape of the phys-
ical system and of the conducting material inside to the
physical system. Its spectrum can be directly measured
by standard experimental techniques in a wide range of
frequencies, typically from mHz to THz, and excellent
agreement between theory and experiments is a standard
achievement. This contribution is the responsible of the
thermal agitation at an atomic level of macroscopic bod-
ies.
By contrast, the second term, hf/2, represents a quan-
tum property of the vacuum, and from its definition, it
does not vanish at T = 0. Its expectation value diverges
(a so called vacuum catastrophe) but it is responsible of
an attractive or repulsive force acting between opposite
surfaces of a confined physical-system, as predicted by
Casimir in 1948 [11] for the simple case of two thin par-
allel conducting plates in vacuum. This Casimir force is
now thought to pertain to a more general family of so
called fluctuation-induced forces that are ubiquitous in
nature, covering many topics from biophysics to cosmol-
ogy [19].
The essential difference between the above two contri-
butions is better explained when considering the total en-
ergy obtained by summation over all the photon modes.
For the Planck contribution, UP , the summation is easily
performed and gives the well-known result expressed by
the Stefan-Boltzmann law for the total internal-energy
associated with a black-body system at a given temper-
ature:
UP (T ) =
∑
KBT
x
ex − 1 =
2π5V0(KBT )
4
15c3h3
= 2.7NpKBT
(9)
where the sum is extended over all the photon modes,
and Np = 2.02×107 V0T 3 is the expected number of pho-
tons inside the volume V0 of the physical system at the
given temperature. We remark, that Eq. (9) expresses
the Stefan-Boltzmann law in terms of thermal averages of
the number of photons (modes) times the average pho-
ton energy in analogy with the case of a classical gas.
Here the difference is that the instantaneous number of
photons is not conserved and their average number is
a function of temperature. Furthermore, being Bosons,
photons interact in terms of the symmetric properties of
their wave-functions. Accordingly, their bunching prop-
erty is reflected in the coefficient 2.7 slightly lower than
the value of 3 associated with the relativistic classical-
massive case.
For the zero-point term, the same summation gives
the expectation value of the zero-point total energy, Uzp,
defined as
Uzp =
1
2
∑
hf. (10)
The sum gives a puzzling divergent energy contribution
[12, 20] when evaluated all over the space. Otherwise,
as observed by Casimir [11], real measurements are per-
formed on finite-size systems where manifestations of
zero-point energy are directly observable [21]. In particu-
lar, the different content of electromagnetic energy inside
and outside an assigned region produces a force that, in
the case of two thin parallel conducting plates in vacuum,
is attractive [11]. In general, Eq. (10) is solved by using
specific boundary conditions related to: (i) the shape of
the physical system, (ii) the material inside the physi-
cal system. Calculations are not easy to be performed
[22–24], and here we report the simple but significant
case considered by Casimir [11] and further confirmed by
more detailed mathematical approaches [21]:
UC = − πAhc
1440L3
. (11)
The negative value of the Casimir energy, UC , corre-
sponds to an attractive force (the Casimir force) between
opposite conducting plates, FC , given by
FC = − πhcA
480L4
. (12)
As a consequence of this force, the physical system is
not mechanically stable and the two opposite conduct-
ing plates forming the terminals would tend to implode
[25] when left free to move. Following standard mechan-
ical arguments, to keep the stability a reaction vincular-
force FRV = −FC , mostly ascribable to the rigidity of
the physical system associated with its elastic proper-
ties [26], should be introduced. We remark, that for
macroscopic physical systems of centimeter length-scale
as considered here, both forces take negligible values (of
the order of 10−23 N). Accordingly, by accounting for
the Casimir force and the associated vincular reaction,
the resultant force is null, thus supporting the conjecture
that at thermal equilibrium once mechanical stability is
established zero-point energy cannot be extracted but its
macroscopic effects are simply stored in the rigidity of the
physical system.
Indeed, the omission of the whole zero-point energy
in considering black-body radiation spectrum is often
encouraged for all practical calculations [27, 28]. This
omission can be justified by the fact that quantum agita-
tion of vacuum does not interfere with particle thermal-
agitation in a medium, rather it can be exactly compen-
sated by forcing the stability of the physical system. We
shall therefore drop the zero-point contribution in the
expression (6) for the energy spectrum and recover the
celebrated Planck distribution. As a consequence, the
original Planck 1901 [18] expression for the black-body
radiation emission as well as the Nyquist relation for the
electrical noise in dissipative conductors which replaces
KBT by the Planck distribution (as originally suggested
by Nyquist himself [1]) are justified, in full agreement
with experimental evidence.
5III. DERIVATION OF FLUCTUATION
DISSIPATION THEOREM WITHIN A
MICROCANONICAL ENSEMBLE
Following [14], this scheme assumes an isolated system
whose dynamics is given by the Hamiltonian H . An ex-
ternal harmonic perturbation of the form, Vˆ = −xf(t), is
then applied to the system, where f(t) is a classical force
depending on time and x is the displacement operator.
By taking the expression for the microcanonical den-
sity operator, ρm, as:
ρm(Et) =
Et −H
Z(Et)
(13)
where Z(Et) = Trδ(Et − H), with Et the total energy
of the system, to derive the FDT use is made of the
representation of δ(Et−H) as inverse Laplace transform:
δ(Et −H) = 1
2πi
∫ γ+i∞
γ−i∞
exp[(Et −H)z]dz (14)
from which the quantum correlation function is intro-
duced
Cxx(z, t) = Tr(e
−Hzx(0)x(t)) (15)
and the corresponding asymmetric spectral density
Jxx(ω) =
1
2π
∫
∞
−∞
Cxx(z, t)e
−iωtdt (16)
satisfying the condition of detailed-energy balance:
Jxx(z,−ω) = exp(−h¯ωz)Jxx(z, ω). (17)
By considering the macroscopic displacement due to
the action of an harmonic potential, the symmetrized
spectral-density of spontaneous fluctuations, Sxx(z, ω),
and the Fourier transform of the linear-response-function
measured through the same observable x, χxx(z, ω), are
given by[
Sxx(z, ω)
1
ih¯{χxx(z, ω)}
]
=
1
2
[
Jxx(z, ω) + Jxx(z,−ω)
Jxx(z, ω)− Jxx(z,−ω)
]
(18)
From the above set of equations we obtain
Sxx(z, ω) =
ih¯
2
coth(
zh¯ω
2
) χxx(z, ω) (19)
which is the quantum FDT relating the spectra of the cor-
relation function (i.e. fluctuations) and of the response
function (i.e. dissipation).
In the classical limit h¯→ 0 it is
Sxx(z, ω) =
i
zω
χxx(z, ω) (20)
which is the classical FDT.
One easily realizes from Eqs. (19) and (20) that the
replacement of z by 1/(KBT ) in those equations leads
precisely to the quantum and classical versions of the
FDT obtained in the canonical ensemble [29, 30].
We remark that Eq. (19), by containing the zero-point
contribution, predicts the vacuum catastrophe already
discussed in Sect (II). As a consequence, Eq. (19) is not
appropriate to be compared with experiments. Rather,
uctuations in this case happen due to the dynamics of the
concerned system itself and not due to the coupling to a
thermostat as in the canonical ensemble. In addition to
the pure meaning of the relation between response and
correlation, one may wonder whether Eqs. (19) and (20)
can be useful or not. Although beyond the scope of the
present work, a general and deep discussion of the subtle
points mentioned above as well as of the linear response
theory for the microcanonical ensemble, would remain of
great interest and value.
IV. CLASSICAL LANGEVIN APPROACH
Here we express the spectral density and the kinetic co-
efficients entering the definition of u(f, T ) within a clas-
sical stochastic approach introduced by Langevin [7]. To
justify a one dimensional treatment and neglect magnetic
effects we consider the condition L2 ≪ A, where an in-
stantaneous number of carriers N(t) are present in the
physical system. From total-current conservation and
Ramo-Shockley-Pellegrini theorem [31–34] it is:
d
dt
V (t) =
L
ε0εrA

 q
L
N(t)∑
i=1
vi,x(t) + I(t)

 (21)
with V (t) the instantaneous voltage drop at the sample
terminals, ǫ0 and ǫr the vacuum permittivity and the
relative dielectric constant of the medium, respectively,
q the unit charge, vi,x(t) the instantaneous longitudinal
velocity of the i-th carrier inside the sample, and I(t) the
instantaneous total-current.
Then, a Drude-Langevin equation is added to describe
the electron motions inside the system:
m
d
dt
vd(t) +
m
τ
vd(t) = − q
L
V (t) + Γ(t) (22)
where vd(t) is the instantaneous drift-velocity of carriers
inside the sample, m is a carrier effective mass, τ is the
momentum scattering-time, and Γ(t) is the instantaneous
Langevin random-force satisfying,
Γ(t) = 0 (23)
Γ(t)Γ(t′) = γδ(t− t′) (24)
where γ is the strength of the noise source and overline
denotes ensemble average.
By using the plasma frequency ωp
ω2p =
Nq2
ε0εrmAL
(25)
6FIG. 2. Schematic of the statistical ensemble considered
here. The reservoir can be a grand-canonical or a canonical
according to the operation conditions for noise detection at
constant current or constant voltage operation modes, respec-
tively. The equivalent circuit of the intrinsic impedance Z(ω)
consists of a resistor R with length L and cross sectional are
A, a kinetic-inductance L and a parallel plates capacitor C
filled with the homogenous medium that constitutes the re-
sistor of given relative dielectric-constant. The capacitance
and inductance account for the presence of the contacts and
for the inertia of carriers, respectively. See text for details.
and the definition of the carrier drift-velocity
vd(t) =
1
N(t)
N(t)∑
i=1
vi,x(t) (26)
where vi,x(t) is the instantaneous value of the i-th carrier
velocity component along the x direction, we obtain
d
dt
V (t) =
mL
N
ω2p
[ q
L
N(t)vd(t) + I(t)
]
(27)
Now, the lumped equivalent-circuit and the two extreme
boundary conditions associated with the detection of the
electrical fluctuations are considered.
A. Equivalent circuit and spectral densities
The equivalent circuit of a real resistor (conductor)
which is consistent with the Langevin approach is shown
in Fig. (2). Here the Ohmic resistance independent of
frequency is coupled with the intrinsic capacitance C,
that accounts for contact effects, and the intrinsic kinetic-
inductance L, that accounts for inertial effects of charge
carriers. Accordingly, the impedance (admittance) Z(ω)
(Y (ω)) of the equivalent circuit is given by
Z(ω) =
1
Y (ω)
= R
1 + iωτ
1− ω2τ2p + iωτd
(28)
Re[Z(ω)] = R
1
(1− ω2τ2p )2 + ω2τ2d
(29)
Re[Y (ω)] = G
1
1 + ω2τ2
(30)
where: the resistance is given by
R =
1
G
=
L2m
q2Nτ
(31)
with G the conductance. The kinetic inductance is given
by
L = A
L
µ0µk =
L2m
q2N
(32)
with µk the relative kinetic-permeability, and the capac-
itance is given by
C = A
L
ǫ0ǫr (33)
As usual, the dielectric relaxation-time τd, the scattering
time τ and the plasma time τp are respectively given by:
τd = CR, τ = L/R, τ2p = CL (34)
Notice that for centimetric length-scale of the physical
system and for a standard carrier density of 1022 cm−3
for a conductor material, the order of magnitude of C and
L are respectively of 10−13 F and 10−19 H . Therefore, in
experiments parasitic capacitance and inductance should
play a significant role, unless high resistivity materials are
considered.
We remark that Re[Y (ω)] decays as a Lorentzian with
the characteristic momentum relaxation-time. By con-
trast, Re[Z(ω)] decays with a spike at the plasma fre-
quency, usually determining a plasmonic noise [35], which
is washed out if the condition τd > τp is satisfied. These
spectra were validated by Monte Carlo simulations [35],
even if, because of the ultra-high frequencies involved
(typically over the THz range) a direct experimental con-
firmation is still lacking.
The above equivalent circuit is consistent with the
standard energy-equipartition relations
V 2C = I2L = KBT, (35)
which in this form are valid for any type of capacitance
and inductance in the circuit reported by Fig. (2). As
such, this equivalent circuit is of most physical impor-
tance and should replace alternative equivalent circuits
(like, e.g., simple RC parallel and RLC series circuits)
which are also sometimes used in the literature but that
do not provide plausible physical-spectra.
B. Current noise operation
In the current operation mode it is V (t) = 0, carriers
enter and exit from the contacts and the current noise is
detected in the external short-circuit. The physical sys-
tem should be considered an open one and is statistically
7described within a grand-canonical ensemble (GCE). Ac-
cordingly, the total current reads
I(t) = − q
L
N(t)vd(t) (36)
and the Drude-Langevin equation writes
d
dt
I(t) +
1
τ
I(t) =
Nq
Lm
Γ(t) (37)
In full agreement with the equivalent circuit shown in
Fig. (2), the Drude-Langevin equation can also be writ-
ten as
d
dt
I(t) +
R
L I(t) =
L
qLΓ(t) (38)
By using standard techniques [36], from the homoge-
neous equation the current correlation-function writes
CI(t) = I(0)I(t) = I2e
−t/τ (39)
and, from the inhomogeneous equation and energy
equipartition, it is
I2 =
N
2
q2
2m2L2
γτ =
KBT
L (40)
Accordingly, the FDT relates γ and τ as
γτ =
2mKBT
N
(41)
From statistics, in the GCE the longitudinal diffusion-
coefficient, generalized to include the effective interaction
among carriers due to the symmetry properties of their
wave functions and thus for the correct statistics [37], is
given by
D = v2′x τ =
KBTτ
m
N
δN2
(42)
where v2′x is the differential (with respect to carrier num-
ber) quadratic velocity component along the x-direction
given by
v2′x =
∑
k
v2x
∂f(εk)
∂µ0
∂µ0
∂N
=
KBT
m
N
δN2
. (43)
with µ0 the chemical potential.
The main conclusion is that current fluctuations are as-
sociated with fluctuations of the total number of carriers
inside the system that satisfy the Langevin equation:
d
dt
δN(t) +
1
τ
δN(t) =
L√
v2′x
Γ(t), (44)
with the corresponding correlation function
CδN (t) = δN(0)δN(t) = δN2e
−t/τ (45)
and from statistics in the GCE it is
δN2 = KBT
∂N
∂µ0
(46)
From Wiener-Khinchin theorem, the current spectral-
density reads
SI(ω) =
4I2
∆fI
1
1 + (ωτ)2
= 4KBTRe{Y (ω)} (47)
Equation (47) identifies ∆fI = 1/τ as the natural band-
width of the current fluctuations spectrum and together
with Eqs. (40) and (42) recovers a microscopic definitions
of conductance:
G =
( q
L
)2
D
∂N
∂µ0
=
q2v2′x τ
L2KBT
δN2 (48)
which gives the generalized Einstein relation and ex-
presses the conductance (i.e. dissipation) in terms of the
variance of total carrier-number fluctuations (i.e. fluctu-
ation), thus representing a microscopic form of the FDT
within a GCE.
C. Voltage noise operation
In the voltage operation mode it is I(t) = 0, carri-
ers remain inside to the physical system and the voltage
noise is detected between the terminals of the external
open circuit. The physical system should be considered a
closed one and it is statistically described within a canon-
ical ensemble CE, i.e. N = N = constant. Accordingly,
conservation of total current becomes
d
dt
V (t) =
mL
q
ω2pvd(t) (49)
and the Drude-Langevin equation reads
d2
dt2
V (t) +
1
τ
d
dt
V (t) + ω2pV (t) =
L
q
ω2pΓ(t) (50)
In full agreement with the equivalent circuit shown in
Fig. 2, the Drude-Langevin equation can also be written
as
d2
dt2
V (t) +
R
L
d
dt
V (t) +
1
LCV (t) =
L
qLCΓ(t) (51)
By using standard techniques [36], from the homogenous
equation we obtain the correlation function
CV (t) = V (0)V (t)
= V 2
[
e−λ1t λ2
λ2 − λ1 +
e−λ2t λ1
λ1 − λ2
]
(52)
with
λ1,2 =
1
2τ
±
√
1
4τ2
− ω2p (53)
8For 2ωpτ < 1 the two real values of λ describe a dumped
behavior of CV (t), for 2ωpτ > 1 the two complex conju-
gate values of λ describe an oscillating behavior of CV (t).
From the inhomogeneous equation and energy equipar-
tition, it is
V 2 =
L2ω2p
2q2
γτ =
KBT
C (54)
Accordingly, the fluctuation-dissipation theorem relates
γ and τ as
γτ =
2mKBT
N
(55)
From statistics, in the CE it is
δv2d =
1
N2
∑
k
v2x δf
2(εk) =
KBT
m N
, (56)
where δv2d is the variance of the fluctuations of the in-
stantaneous carrier drift-velocity inside the system, vx =
h¯kx/m is the x-component of its velocity, k is the carrier
wave vector, εk the corresponding energy and δf2 is the
variance of the equilibrium distribution-function f nor-
malized to carrier number which, according to statistics,
satisfies the property
δf2(εk) = −KBT ∂f(εk)
∂εk
, (57)
and, using the symmetry of the problem, v2x is replaced by
(2εk/md), where d denotes the dimension of the system.
With the density-of-states of a d-dimensional carrier gas
satisfying D(ε) ∝ ε(d/2)−1, Eq. (56) is independent of
dimensionality.
Accordingly, we find
V 2 =
(
Lmωp
q
)2
δv2d (58)
From the equivalent circuit of Fig. (2), the spectral
density reads
SV (ω) =
4V 2
∆fV
1
(1− ω2τp)2 + (ωτd)2
= 4KBTRe{Z(ω)} (59)
Equation (59) interpolates between the oscillating and
damped behaviors of the correlation function of voltage
fluctuations and identifies ∆fV = 1/τd as the natural
bandwidth of the voltage fluctuations spectrum. From
Eqs. (56) and (58) the following microscopic definition
of resistance is obtained:
R =
L2m2
q2τKBT
δv2d. (60)
which gives the resistance (i.e. dissipation) in terms
of the variance of carrier drift-velocity fluctuations (i.e.
fluctuation), thus representing a microscopic form of the
FDT within a CE.
We conclude, that voltage fluctuations are associated
with fluctuations of carrier drift-velocity inside the sys-
tem.
D. Damped harmonic oscillator
The Langevin equation for the damped harmonic os-
cillator is analogous to that of voltage fluctuations where
voltage is substituted by carrier displacement along x
direction, i.e. V (t) → x(t), and the plasma frequency
by the natural oscillator frequency, i.e. ωp → ω0. The
analogy is completed by noticing that the equipartition
law writes kx2 = KBT , k being the strength of the
oscillator (spring constant) and x2 being the average
squared-displacement along x direction. Accordingly, the
Langevin equation for the damped harmonic oscillator
with ω0 =
√
k/m writes:
d2
dt2
x+ γ
d
dt
x+ ω20x =
1
m
Γ(t) (61)
The corresponding spectral density is
Sxx(ω) =
4KBT
ω
Im{αx(ω)} (62)
with αx(ω) the electrical susceptibility
αx(ω) =
m
ω20 − ω2 + i(γω)
(63)
Figure (3) reports the shape of the spectra for the
harmonic oscillator in the three cases: ω0/γ = 0.45,
ω0/γ = 1, and ω0/γ = 2.5. The spectra give evidence
of the shift from a Lorentzian shape when ω0 < γ to a
narrow peak centered at the natural oscillator-frequency
when ω0 > γ as predicted by Eq. (62).
E. Ballistic regime
The ballistic regime is controlled by the condition that
the carrier transit time between opposite contacts, τL,
becomes shorter than the scattering time τ . Then, by
assuming for simplicity a one dimensional geometry, at
equilibrium the single-carrier longitudinal velocity, vx,b
inside the system remains constant in modulus.
In an open system, vx,b is controlled by the injection
velocity-distribution. Following Landauer [38], conduc-
tance becomes synonymous of transmission, i.e. all car-
riers that are injected at one contact are transmitted to
the outside of the opposite contact. The value of the
ballistic conductance, Gb, becomes independent of the
length of the system and is given by
Gb =
1
Rb
=
Aq2n
mvx,b
(64)
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FIG. 3. Shape of the normalized spectra of the damped
harmonic oscillator for the cases: ω0/γ = 0.45 continuous
line, ω0/γ = 1 dashed line, and ω0/γ = 2.5 dotted line.
with Rb the ballistic resistance and n the carrier concen-
tration.
The ballistic resistance relies on a closed system where
the ballistic carrier with a given vx,b is spectacularly re-
flected at the contacts. The transit time keeps the same
value as for the case of conductance, but now resistance
becomes synonymous of elastic reflection at the contacts
and its value satisfies the reciprocity relation implied by
Eq. (64).
For the case of a classical one-dimensional injection
distribution, it is
vcx,b =
√
2πKBT
m
=
L
τcL
(65)
with τcL = L/v
c
x,b the transit time due to classical condi-
tions, and for the equivalent circuit of Fig. 2 it is
τcd = R
b,cC =
L2
λD
2 τ
c
L (66)
τc =
L
Rb,c
= τcL (67)
τcp =
L
λD
τcL (68)
with
λD =
√
ǫ0ǫrKBT
nq2
(69)
the Debye length.
For the case of a degenerate one-dimensional injection
distribution, it is [39]
vdx,b = vF =
√
2ǫF
m
=
L
τdL
(70)
with vF and ǫF = h¯
2n21D/(2m) the one dimensional
Fermi velocity and Fermi energy, respectively, n1D the
one dimensional carrier concentration, and τdL = L/vF
the transit time associated with degenerate conditions.
For the equivalent circuit of Fig. 2 it is
Rb,d =
1
Gb,d
=
h
e2
(71)
per unit spin, and
τdd = R
b,dC = L
3
4αcA
(72)
τd =
L
Rb,d
=
4αL3
cA
(73)
τdp =
L6
c2A2
(74)
with α = 1/137 the fine structure constant and L3/(cA) a
geometrical-averaged relativistic transit-time associated
with degenerate conditions.
We remark, that under ballistic conditions, since the
absence of scattering makes the dynamics deterministic,
the correlation functions of current fluctuations do not
obey a simple exponential relaxation but a more com-
plicated decay depending from the carrier statistics. Ac-
cording to [39], the one-dimensional correlation functions
of current fluctuations take the form, respectively for
the ballistic-classical regime and the ballistic-degenerate
regime:
Cb,cI (x)
Cb,cI (0)
= erf(x−1)− x[1 − exp(−x−2)], (75)
and
Cb,dI (x)
Cb,dI (0)
= 1− x for x ≤ 1 (76)
= 0 for x > 1,
with x the time normalized to the respective ballistic
transit-time.
Figure (4) reports the one-dimensional correlation
functions of current fluctuations given above. Here curve
1 refers to the case of classical ballistic-conditions and
the correlation function is found to exhibit a long-time
limit decay as t−3. Curve 2 refers to the case of degener-
ate ballistic-conditions, and the decay is found to exhibit
a universal triangular shape. Curve 3 refers to the case
of an exponential decay typical of a diffusive regime and
is reported for the sake of comparison.
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one-dimensional ballistic regime. Continuous curve refers to
degenerate ballistic-conditions, dashed curve refers to classi-
cal ballistic-conditions, dotted curve refers to the case of an
exponential decay typical of a diffusive regime.
The longitudinal diffusion coefficient takes a form anal-
ogous to that of the diffusive regime, but with the dif-
ferential quadratic-velocity replaced by the quadratic
injection-velocity and the scattering time replaced by the
ballistic transit-time. Thus, under ballistic conditions
diffusion like conductance becomes a global quantity that
depends on the sample length as
Dc,db = v
c,d
x,b
2
τc,dL = v
c,d
x,bL (77)
F. Classical electrodynamics in vacuum
By considering the case of vacuum, for the classical
electric-field averaged over the black-body length, E =
V/L, the corresponding Langevin equation is obtained
from that of voltage fluctuations and reads:
d2
dt2
E(t) +
1
τE
d
dt
E(t) +
1
τ2E
E(t) = ΓE(t) (78)
Using the vacuum definitions of resistance, capacitance
and inductance there is a single time scale, τE = L/c and
the correlation function takes the analytical form
CE(t) = E(0)E(t)
= E2e−t/2τE × [asin(
√
3
2
t
τE
) + bcos(
√
3
2
t
τE
)] (79)
with a = 1/4(
√
3π/2 +
√
π/6) = 0.75 and b =
√
π/2 =
1.25.
From classical energy-equipartition and FDT it is
E2 =
KBT
LAǫ0
=
KBTRvac
AτE
=
γEτE
2
(80)
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FIG. 5. Correlation functions of the fluctuations of the
classical electromagnetic fields in vacuum normalized to their
initial value at t = 0. Continuous curve refers to the electric
field and dashed curve to the magnetic field, respectively.
For the classical magnetic-field averaged over the
black-body geometry, H = (L/A)I the corresponding
Langevin equation is obtained from that of current fluc-
tuations and reads:
d
dt
H(t) +
1
τH
H(t) = ΓH(t) (81)
with τH = τE = L/c the correlation time of magnetic-
field fluctuations.
The correlation function reads
CH(t) = H(0)H(t) = H2e
−t/τH (82)
From classical energy-equipartition and FDT it is
H2 =
KBT
LAµ0
=
KBTGvac
AτH
=
γHτH
2
(83)
Figure (5) shows the correlation functions of the
electric-field and magnetic-field fluctuations in vacuum
given in Eqs. (79) and (82), respectively.
For the spectral density of the electric-field fluctuations
it is:
SE(ω) =
4KBTRvac
L2
1
1− (ωτE)2 + (ωτE)4 (84)
whose shape is the same of that of the damped harmonic
oscillator reported in Fig. (3) when ω0 = 1/γ = 1/τE.
For the spectral density of the magnetic-field fluctua-
tions it is:
SH(ω) =
4KBTGvacL
2
A2
1
1 + (ωτH)2
(85)
whose spectrum is a Lorentzian with Gvac = 1/Rvac.
We notice that, under voltage operation mode, only
the fluctuations of the electric field are detected, while
for current operation mode only the fluctuations of the
magnetic field are detected.
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V. DUALITY AND RECIPROCITY OF
FLUCTUATION DISSIPATION THEOREM
The dual property of electrical transport in the linear-
response regime asserts that perturbation (applied volt-
age or imposed current) and response (measured current
or voltage-drop) can be interchanged with the associ-
ated kinetic coefficients (resistance or conductance, re-
spectively), being reciprocally interrelated. According to
Ohm law, for a homogeneous conductor the dual prop-
erty gives
V = RI and I = GV, (86)
that implies the reciprocity relation
RG = 1 . (87)
An analogous dual property and reciprocity relation can
be formulated for electrical fluctuations at thermal equi-
librium. Here the perturbation is the source of the mi-
croscopic fluctuations inside the physical system (car-
rier number or carrier drift-velocity), and the response
is associated with the variance of the macroscopic fluc-
tuating quantity (current or voltage). The individuation
of the noise sources at a kinetic level, and thus beyond
the simple thermal-agitation model, is a major issue in
statistical physics that received only partial, and some-
times controversial, answers even in the basic literature
[1, 9, 12, 13, 40].
For the analysis at a kinetic level of current or volt-
age fluctuations a correct definition of the physical sys-
tem becomes of primary importance. On the one hand,
the microscopic interpretation of carrier transport im-
plies the definition of an appropriate equivalent circuit
at the macroscopic level. On the other hand, the de-
tection of current or voltage fluctuations in the outside
circuit should be related to the boundary conditions asso-
ciated with the choice of the operation mode of detection
(i.e. constant current or constant voltage) and the corre-
sponding statistical ensemble of reference. Accordingly,
current noise is measured in the outside short-circuit,
which implies an open system that is permeable to car-
rier exchange with the thermal reservoir, thus referring
to a grand canonical ensemble (GCE). By contrast, volt-
age noise is measured in the outside open-circuit which
implies that carrier number in the system remains rig-
orously constant in time, thus referring to a canonical
ensemble (CE). While it is well-known that in the ther-
modynamic limit different statistical ensembles become
equivalent [41], this does not hold anymore in the case of
fluctuations, where a finite-size system has to be consid-
ered. Nevertheless, we will show that the dual property
provides a simple relation between the noise sources act-
ing in the GCE and those acting in the CE. Typical exam-
ples of physical system of interest have been reported in
the previous sections, where use was made of a standard
Langevin approach. Here, the duality and reciprocity
properties of the FDT are addressed and formally solved
in the framework of the basic laws of statistical mechan-
ics.
According to the reciprocity property of the linear-
response coefficients and their definitions in terms of the
microscopic noise sources given in Eqs. (48) and (60) it
is:
GR =
v2′x δN
2m2δv2d
(KBT )2
=
v2′x
δv2d
δN2
N2
= 1 (88)
Thus, the microscopic noise sources satisfy the duality
relation
δN2 v2′x = N
2 δv2d =
NKBT
m
. (89)
For the variance of current fluctuations, substitution of
Eq. (43) into Eq. (40) gives the equivalent expressions:
I2 =
q2δN2
τ2N
=
A2
L2
H2, (90)
with τN =
√
L2/v2′x an effective transport-time through
the sample [39] determining the conversion of carriers
total-number fluctuations inside the sample into total-
current fluctuations measured in the external short-
circuit, and with H2 the variance of magnetic-field fluc-
tuations at equilibrium averaged over the geometry of the
physical system. From Eq. (90), the expression
H2 =
L2
A2
I2, (91)
represents a generalized Biot-Savart law that converts
current fluctuations inside the sample into fluctuations
of the magnetic-field in proximity of the lateral surface
of the sample averaged over the system geometry.
For the variance of voltage fluctuations, substitution
of Eq. (56) into Eq. (58) gives the equivalent expressions
V 2 =
L2δv2d
µ2p
= L2E2 (92)
with E2 the variance of electric-field fluctuations at equi-
librium averaged over the sample length, and µp the
plasma carrier-mobility given by
µp =
qτp
m
. (93)
Equation (92) represents a generalized Ohm law that con-
verts carrier drift-velocity fluctuations inside the sample
into electric-field (or voltage) fluctuations at the termi-
nals of the open circuit, in analogy with the relation given
in Eq. (90) for the conversion of carrier-number fluctua-
tions into magnetic-field fluctuations.
Equations (88) and (89) express the reciprocity and
duality properties of the microscopic noise-sources as-
sociated with the fluctuation-dissipation relations in a
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medium. In other words, at thermodynamic equilib-
rium carrier total-number fluctuations inside a conduc-
tor under constant-voltage conditions are inter-related to
carrier drift-velocity fluctuations under constant-current
conditions. Equations (91) and (92) express the reci-
procity and duality properties of the microscopic noise-
sources associated with the fluctuation-dissipation rela-
tions in the electromagnetic-field representation.
The dual property of the macroscopic FDTs is ob-
tained from Eqs. (47), (58) and (89) as
I2 = G2p V
2 and V 2 = R2p I
2, (94)
with the plasma conductance Gp = (qNµp)/L
2 and the
plasma resistance Rp satisfying the reciprocity relation
GpRp = 1 . (95)
By satisfying the relations (47) and (59), the expressions
(94) and (95) justify the identification of the natural
bandwidths of the noise spectral densities assumed here.
For the variances of the electromagnetic fields the du-
ality relation writes:
E2
H2
=
A2ǫr
L2µk
c2. (96)
Equations (95) and (96) express the duality and reci-
procity properties of fluctuation-dissipation relations be-
tween the variances of the electric and magnetic fields as-
sociated with the correspondent kinetic coefficients. All
the above expressions hold for any type of statistics (in
the case of Bosons for temperatures above the critical
temperature for Bose-Einstein condensation [42]), thus
complementing the standard FDT in the limit of low fre-
quencies. From statistics, the two boundary conditions
are associated with a GCE and a CE, respectively, and
Eq. (89) shows the interesting results that both statistics
provide the same result even outside the thermodynamic-
limit conditions [41].
VI. FRACTIONAL EXCLUSION STATISTICS
The fractional exclusion statistics [43, 44] generalizes
the quasi particle distribution function to the case in
which the statistical factor, g, continuously spans the
range of values 0 ≤ g ≤ 1 so that [44]
f(x, g) =
1
W (x, g) + g
(97)
where x = (ǫk.µ0)/KBT , and W (x, g) satisfies the im-
plicit equation
W g(1 +W )1−g = exp(x) (98)
The limiting values g = 0 and 1 correspond to Bose-
Einstein and Fermi-Dirat statistics, respectively. The
variance of the fractional exclusion distribution follows
the general definition of the GCE, and is given by:
δf(g, x)2 = KBT
(
∂f
∂µ0
)
T
= −∂f
∂x
(99)
which formally is the same as those previously used for
the Bose-Einstein and Fermi distributions.
We conclude that present results are valid also in the
case of fractional statistics.
VII. BLACK-BODY RADIATION SPECTRUM
The Langevin random-term contains the temperature
as source of the external random-force and the friction co-
efficient (relaxation rate) as source of dissipation. From
quantum electrodynamics, the temperature is basically
related to the black-body radiation spectrum at thermal
equilibrium, with the angular frequency, ω = 2πf , being
related to the photon energy ǫp = h¯ω and the classical
equipartition law for the energy spetrum radiated into a
single mode being substituted by Planck law as
KBT → KBT x
exp(x)− 1 (100)
with x = h¯ω/KBT .
The above spectrum corresponds to replace the delta
function of the time correlator of the Langevin random-
force with a correlation function obtained by Fourier in-
verse transformation of the Planck factor as [45]
δ(t− t′)→ 1
τǫ
(
1
y2
− cosech2(y)) (101)
with y = (t − t′)/τǫ and τǫ = h¯/(KBT ) the quantum
thermal (energy) correlation-time. (Notice that at T =
1 K it is τǫ = 7.2 ps, thus comparable with a scattering
time.)
Figure (6) shows the normalized correlation func-
tion associated with the Planck law (continuous curve)
which is compared with a normalized Gaussian func-
tion (dashed cure). Both curves look significantly broad-
ened with respect to the shape of the delta function cor-
responding to the classical condition, with the Planck
correlation-function exhibiting a longer tail than that of
the Gaussian function.
Figures (7) and (8) report the normalized spectra near
the cut-off region associated with: (i) Planck black-body
radiation law, (ii) Nyquist spectral-density with the cut-
off associated with the intrinsic equivalent-circuitl of the
impedance of Fig. (2) for the cases of voltage and cur-
rent fluctuations, respectively. Figure (7) refers to the
case of a typical metal and Fig. (8) to the case of an n-
Si semiconductor material with a donor concentration of
ND = 10
13 cm−3 at the same temperature of 300 K. For
the case of a metal, owing to the significant small values
of the intrinsic time scales (see the values of scattering,
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FIG. 6. Correlation function of the Langevin random-force.
Continuous curve refers to the normalized Planck black-body
law of relation (101) and dashed curve refers to the normalized
Gaussian shape (1/
√
pi)exp(t/τǫ). Both curves look signifi-
cantly broadened with respect to the classical delta-function
shape, with the Planck curve exhibiting a longer tail than the
Gaussian curve .Correlation function of the Langevin random-
force.
dielectric relaxation and plasma times reported in the fig-
ure caption) the black-body cut-off occurs at a frequency
significantly lower than the values of the cut-off frequen-
cies for the real part of the admittance or impedance
spectra. (Notice the spike of the impedance spectrum
at the plasma frequency). By contrast, for the case of a
typical semiconductor, like n-type Si, owing to the sig-
nificant high values of the intrinsic time scales (see the
values reported in the figure caption), the black-body
cut-off occurs at a frequency higher than the values of
the cut-off frequencies for the real part of its admittance
or impedance spectra. (Notice the absence of the spike of
the impedance spectrum at the plasma frequency). We
remark that Figs. (7) and (8) show that the noise spectra
of a conductor, being dependent of the small-signal elec-
trical characteristics of the material differ from that of
the black-body which by contrast is a universal character-
istic. In any case, the cut-off frequencies of the transport
coefficients suffice to avoid the ultra-violet divergence of
the voltage and current spectra for a given material. Fur-
thermore, we notice that the Langevin equation for vac-
uum resistance also implies avoiding ultraviolet catastro-
phe for the spectral densities of fluctuations because of
finite-size effects associated with the transit time between
opposite contacts of the electromagnetic fields, as pre-
dicted by the energy equipartition laws for the variance of
the fluctuating electromagnetic fields. Figure (6) shows
the normalized correlation function associated with the
Planck law (continuous curve) which is compared with a
normalized Gaussian shape (dashed cure). Both curves
look significantly broadened with respect to the shape of
the delta function, with the Planck correlation-function
exhibiting a longer tail than that of the Gaussian shape.
Figures (7) and (8) report the normalized spectra near
the cut-off region associated with: (i) Planck black-body
radiation law, (ii) Nyquist spectral-density with the cut-
off associated with the intrinsic equivalent-circuitl of the
impedance of Fig. (2) for the cases of voltage and cur-
rent fluctuations, respectively. Figure (7) refers to the
case of a typical metal and Fig. (8) to the case of an n-
Si semiconductor material with a donor concentration of
ND = 10
13 cm−3 at the same temperature of 300 K. For
the case of a metal, owing to the significant small values
of the intrinsic time scales (see the values of scattering,
dielectric relaxation and plasma times reported in the fig-
ure caption) the black-body cut-off occurs at a frequency
significantly lower than the values of the cut-off frequen-
cies for the real part of the admittance or impedance
spectra. (Notice the spike of the impedance spectrum
at the plasma frequency). By contrast, for the case of a
typical semiconductor, like n-type Si, owing to the sig-
nificant high values of the intrinsic time scales (see the
values reported in the figure caption), the black-body
cut-off occurs at a frequency higher than the values of
the cut-off frequencies for the real part of its admittance
or impedance spectra. (Notice the absence of the spike of
the impedance spectrum at the plasma frequency). We
remark that Figs. (7) and (8) show that the noise spectra
of a conductor, being dependent of the small-signal elec-
trical characteristics of the material differ from that of
the black-body which by contrast is a universal character-
istic. In any case, the cut-off frequencies of the transport
coefficients suffice to avoid the ultra-violet divergence of
the voltage and current spectra for a given material. Fur-
thermore, we notice that the Langevin equation for vac-
uum resistance also implies avoiding ultraviolet catastro-
phe for the spectral densities of fluctuations because of
finite-size effects associated with the transit time between
opposite contacts of the electromagnetic fields, as pre-
dicted by the energy equipartition laws for the variance
of the fluctuating electromagnetic fields.
A. Fluctuation dissipation theorem for a gas of
photons
For a gas of photons the number of quasi-particles is
not conserved in time and thus the chemical potential is
zero. Furthermore the energy dispersion is
ǫk = h¯ω, (102)
and the density of states g(ǫk) is
g(ǫk) = V0
8π
c3
f2 (103)
Accordingly, by definition it is
Np
V0
=
8πΓ(3)ζ(3)
c3h3
(KBT )
3 = (2.02 107) T 3 (m−3)
(104)
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FIG. 7. Noise and black-body spectra near cut-off for the
case of a typical metal at T = 300 K. Here typical time
scales are, respectively, of τ = 10−2 ps, τd = 8.6 × 10−8 ps,
τp = 2.9 × 10−5 ps and τǫ = 7.6× 10−2 ps
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FIG. 8. Noise and black-body spectra near cut-off for the
case of a n-type Si sample at T = 300 K with a donor con-
centration of ND = 10
13 cm−3. Here typical time scales are,
respectively, of τ = 0.24 ps, τd = 4.6 ps, τp = 1.1 ps, and
τǫ = 7.6 × 10−2 ps.
with Γ(3)ζ(3) =
∫
∞
0
x2/(ex − 1)dx = 2.404.
ǫtot
V0
=
8πΓ(4)ζ(4)
c3h3
(KBT )
4 = 7.57 10−16 T 4 (Jm−3)
(105)
with ǫtot the internal average-energy in the considered
volume, Γ(4)ζ(4) = π4/15 = 6.49, and
ǫmode =
ǫtot
Np
= 2.7 KBT (106)
with ǫmode the average energy per photon mode, notice
that its value is slightly less than that of the classical
case per full relativistic massive-particle of 3 KBT due
to photon Bose-Einstein distribution, and much less than
that of the degenerate case per full degenerate Fermions
of 3/5(µ0).
Since photons are relativistic particles, in vacuum it is
v2′z = c
2 (107)
δN2p = V0
8π
c3h3
(KBT )
3
∫
∞
0
x2ex
(ex − 1)2 dx = 1.37Np
(108)
Notice, that the super Poissonian value, with a Fano fac-
tor δN2p/Np = 1.37 due to Bose-Einstein distribution,
should be compared with the value δN2/N = 1 of classi-
cal massive-particle statistics and the value δN2/N = 0
of full-degenerate massive-particle statistics at T = 0.
The duality property of the noise sources of a photon
gas writes
δv2d = c
2
δN2p
Np
2 =
1.37c2
Np
, (109)
that implies the reciprocity relations
δv2d Np
2
= δN2p v
2′
x = 1.37c
2Np = cost T
3 (110)
We conclude, that for the photon gas the microscopic
noise source comes from the fluctuations of the photon
number only, and its average value is proportional to
the third power of the temperature. At zero tempera-
ture fluctuations vanish apart from the presence of zero-
point contribution which can be considered associated
with Bose-Einstein condensation of the photons ground
state and which is responsible of the Casimir effect. How-
ever the Casimir effect does not produce fluctuations by
itself but a macroscopic quantum-energy associated with
the spatial confinement of the physical system.
For the diffusion coefficient and the plasma mobility of
the photon gas we find
D = v2′x τ = cL (111)
µ2P =
q2τ2P
m2
= α4πǫ0 h¯c
L2
c2
c4
(h¯ω)2
=
4πǫ0h¯c
137
L2c2
(h¯ω)2
(112)
with α = 1/137 the fine structure constant, that has
been used to convert the electron charge into the vacuum
charge, and h¯ω the photon relativistic mass, that replaces
the electron mass.
VIII. CONCLUSIONS
This review presents a revisitation of the fluctuation
dissipation theorem (FDT)that from an historical point
of view is traced back to the discovery of the fundamental
laws governing the black-body radiation spectrum. The
main objective of the paper is to further stress the unify-
ing microscopic interpretation of the interaction between
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radiation and matter, and of electrical noise in particu-
lar, given by this theorem. Main points that received new
insights in specific parts of the paper are briefly summa-
rized in the following list.
1 - The zero-point energy term, that is present in the
quantum formulation of FDT due to Callen and Wel-
ton [12], does not contribute to electrical fluctuations.
By contrast, it is responsible of the Casimir force, a
pure quantum-mechanical macroscopic effect, that by im-
plying a mechanical instability of the physical system,
should be exactly balanced by a reaction force to recover
stability, a necessary condition to detect electrical fluctu-
ations. The reaction force can be absorbed by the elastic
properties of the environment associated with the physi-
cal system.
2 - The role of the different statistical ensembles (micro-
canonical, canonical and grand-canonical) in the formu-
lation of the FDT has been analyzed. Accordingly, the
microscopic noise sources associated with the properties
of the medium inside the physical system have been in-
dividuated.
3 - We have identified the intrinsic equivalent-circuit for
the impedance (admittance) model of the physical system
appropriate to describe the relaxation of voltage (cur-
rent) fluctuations and thus the intrinsic bandwidth of
the classical noise spectral densities described by Nyquist
theorem.
4 - The appropriate Langevin equations for the current
or voltage operation modes used to detect noise spectra
have been formulated and solved.
5 - The duality and reciprocity relations between micro-
scopic noise sources responsible of the so-called thermal
agitation of electric charge in conductors have been inves-
tigated. Here, fluctuations of the total number of carriers
inside the physical system are shown to be responsible of
current fluctuations detected in the external short circuit,
while fluctuations of the carrier drift-velocity are found
to be responsible of the voltage fluctuations detected in
the open external circuit. In essence, the duality rela-
tions imply a generalized Biot-Savart law converting the
variance of current fluctuations with the variance of mag-
netic field fluctuations, see Eq. (91), and a generalized
Ohm law converting the variance of drift-velocity fluctu-
ations with the variance of electric field fluctuations, see
Eq. (92).
6 - The FDT has been generalized to the cases of: (i)
the ballistic transport regime of charge-carrier dynamics,
(ii) the vacuum and, (iii) the quantum case when KBT
is substituted by the Planck spectrum, as originally sug-
gested by Nyquist [1]. We noticed, that the noise spectra
associated with current and voltage fluctuations of a con-
ductor are intrinsic characteristics of the material under
study, and thus differ from the black-body spectrum that
by contrast is a universal property.
7 - The validity of the FDT has been extended to the
case of fractional statistics.
8 - The FDT has been applied to the case of a photon
gas where noise source has been associated with the fluc-
tuations of the instantaneous photon number inside the
physical system.
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